A DISCRETE ANALOGUE OF PERIODIC DELTA BOSE GAS 
AND AFFINE HECKE ALGEBRA 



YOSHIHIRO TAKEYAMA 

Abstract. We consider an eigenvalue problem for a discrete analogue of the 
Hamiltonian of the non-ideal Bose gas with delta-potentials on a circle. It is a 
two-parameter deformation of the discrete Hamiltonian for joint moments of the 
partition function of the O'Connell-Yor semi-discrete polymer. We construct the 
propagation operator by using integral-reflection operators, which give a represen- 
tation of the afhne Hecke algebra. We also construct eigenfunctions by means of 
the Bethe ansatz method. 
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I. Introduction 

In this paper we study a discrete analogue of the Hamiltonian of the non-ideal 
Bose gas with delta-potential interactions, which we call the delta Bose gas for short. 
The eigenvalue problem for the delta Bose gas with periodic boundary condition 
was solved by Lieb and Liniger by means of the Bethe ansatz method [13]. The 
Hamiltonian of the system is given by 



1.1) -A+ V" 5(xi-Xj + m) 



l<i<j<k 



The potential is supported by affine hyperplanes associated with the affine root 
system of type A^\. Gutkin and Sutherland generalized the periodic delta Bose 
gas for all any affine root systems [TP] . 

In [11] Heckman and Opdam studied the root system generalization of the delta 
Bose gas on a line, and revealed a connection with harmonic analysis on homo- 
geneous spaces of semisimple groups. A key observation is that the propagation 
operators give a representation of the degenerate (or graded) Hecke algebra [3 [H] . 
For the periodic case, Emsiz, Opdam and Stokman [5] found that the underlying 
symmetry is governed by Cherednik's degenerate double affine Hecke algebra [3J. 

In this paper we consider a discrete analogue of the Hamiltonian (II. lj) . An inte- 
grable discretization of the delta Bose-gas has been already proposed and studied 
by van Diejen [5]. The discrete version which we will consider is different from 
it and has an origin in the study of integrable stochastic models. The Kardar- 
Parisi-Zahng (KPZ) equation is a stochastic partial differential equation for height 
function H of growing interfaces (see the review [I] for details). The Cole-Hopf 
solution Z := exp {—%) satisfies the stochastic heat equation. The fact is that the 
n-th moment of Z satisfies an evolution equation with the Hamiltonian of the delta 
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Bose gas on a line with n particles. An integrable discretization of the KPZ equation 
is the g-deformed totally asymmetric simple exclusion process (g-TASEP) (see [I], 
Section 3.3.2). In a scaling limit g-TASEP goes to the O'Connell-Yor semi-discrete 
directed polymer [15]. The joint moment v(r;lt) (r G M >0 ,"rf G (Z> ) fe ) of its 
partition function satisfies the following evolution equation [2]: 

k 

(1.2) -^v(r;lt) = m(r;lt), ^:=^V 4 + ^ <5 W 

where Vj is the difference operator 

(Vi/)( ) := /(m, . . . , rii - 1, . . . , n k ) - /(ni, . . . , n i5 . . . , n k ). 

In this paper we consider a two-parameter deformation of the Hamiltonian H 
with periodic boundary condition. It acts on the space of C-valued functions on the 
fc- dimensional lattice X = ©f =1 Zt> j and is given by 

k 
i=l 

where a G C and (3 G C x are parameters, and t Vi is the shift operator (t Vi f)(x) := 
/(x — Ui). The functions df count positive roots of type whose values at x 

are non-positive multiple of the system size (see (13 .ip and (13. 2p below). Setting 
— 1 and a = — 1 we recover H with periodic boundary condition up to an additive 
constant. 

The main result of this paper is construction of the propagation operator G which 
sends an eigenfunction of "half Laplacian" ^2i=i ^ to that of the Hamiltonian H 
with the same eigenvalue (see Theorem 15.11 below). To define G we make use of a 
discrete analogue of the integral-reflection operators due to Yang [16] for the case of 
type A and Gutkin [9] for the general case. Emsiz and van Diejen [6] constructed the 
discrete version from a polynomial representation of the affine Hecke algebra. We 
follow their construction but start from more general divided difference operators 
satisfying the braid relations, which are classified by Lascoux and Schiitzenberger 
[T2] . Then our integral-reflection operators also give a representation of the affine 
Hecke algebra of type GL k . 

The paper is organized as follows. In Section [2] we prepare some notation and lem- 
mas about the affine root system of type A^_ v We define the operator H in Section 
[3] and the associated integral- reflection operators in Section HJ In Section [5] we prove 
the main theorem. In the last Section |6] we construct Bethe wave functions, which 
are symmetric and periodic eigenfunctions for the Hamiltonian H parameterized by 
solutions to a system of algebraic equations. 
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2. Preliminaries 



Throughout this paper we fix two integers k > 2 and L > 1. Let V be the k- 
dimensional Euclidean space with inner product (•,•), and V* the linear dual of V. 
We also write (•, •) for the associated inner product on V*. Fix an orthogonal basis 
{vi}i=i of V, and set 



Let Aff(y) := V*©R5 be the space of afline linear functions on V, where 5(v) = 1 
for all v G V. Denote the gradient map by D : Aff(V) -» V*. 

For (p G Aff(V), the orthogonal reflection : V — > V with respect to the afline 
hyperplane := {v G V\(f){y) = 0} is given by 



We also denote and t v for the corresponding transpositions acting on the space 
of functions on V, that is, (s<j,f)(v) := f(s ( / ) (v)) and (t v >f)(v) := f(t- v '(v)). 

Set otij := €i — €j for 1 < i, j < k. The subset Ro :— {ctij | 1 < i, j < k, i ^ j} 
of Aff(V) forms the root system of type Ak-\. The Weyl group Wq is generated by 
{s a } a( zii . We regard the set R := Rq + Z(L5) as the afline root system of type A^_ x 
with null roots Z(L5). The group W generated by {s a } ae n is called the affine Weyl 
group of type A^l r Any element of W is uniquely written in the form wt^ where 
w G W and (5 is an element of the coroot lattice Q y := J2 a en ^ ,Q;V - I n this sense we 
have W — W K (LQ V ). The gradient map D : W -» W defined by D(wt L p) = w 
is a group homomorphism. 

The extended affine Weyl group W is generated by {s a }agj? and {tL X }xex- Set 



Then W is generated by tt and W. 

Set a := — a±k + and Oj = a^j+i (1 < i < A;). The set {ao, . . . , ak-i} gives a 
basis of R. Denote i? ± for the set of the associated positive and negative roots. 

The length of w G W is defined by £(w) := #(-R + fl w~ l R~). We abbreviate s fli 
by Si (0 < i < k). U w — • • • s ir (0 < i±, . . . , i r < k) is a reduced expression, then 
r = £(w) and R + n w^R' = {s ir ■ ■ ■ s ip+1 (a ip )} r p=1 . 

For v G V, set 



X := ©f =1 Z^. 

We denote by { the dual basis corresponding to {v i}f =1 . 
For (eV*\ {0} we define the co-vector £ v G V by the property 

^ v ) = 2^|v ^ e O- 




s*(u) := v- 4>{v){D(t>) v . 
Define the translation map t v > : V — >■ V for d' G V by 

t v /(v) :— v + v' . 



it := t Lvi Si ■ ■ ■ s fe _i. 



J(u) : = { a G i? + |a(u) < 0}. 
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For < % < k and v G V, we have #I(siv) = — 1 if and only if aiiv ) < 0, 

and then I(-Siv) = Si(I(v) \ {a^}). Note that I(v) = if and only if v belongs to the 
closure of the fundamental chamber 

CV := {v G V | <n(y) > (0 < Vi < A;)}. 

For any t> G V, the orbit W^w intersects C + at one point. Take a shortest element 
w <E W such that u>i> G C+. Then /(f) = _R + fl w~ l R~, and hence the shortest 
element is uniquely determined for each v G V. Denote it by w v . 

Lemma 2.1. Suppose that J(t>i) C I{v 2 ). Then w V2 = w WviV2 w vl and £(w V2 ) = 
)+£(w vl ). 

Proof. Let w Vl — s ix • • ■ s ir be a reduced expression. Then 

I(s ip ■ ■ ■ s ir v 2 ) = s ip (I(s ip+1 ■ ■ ■ s ir v 2 ) \ {a ip }) 

for 1 < p < r because I{vi) C I(v 2 ). Therefore I{y 2 ) = /(t>i) U w~^I(w Vl v 2 ) and 
£(w V2 ) = £(w WviV2 ) +£(w Vl ). Since w WviV2 w Vl moves v 2 into C + , it is equal to w V2 . □ 

3. Definition of Hamiltonian 

Denote the C-vector space of C-valued functions on X by F(X) . For 1 < i < k, 
define df G F(X) by 

i+p—l 

(3.1) d+(x) := #{1 <p<k\ a A x ) G LZ <o}> 

j=i 

i-l 

(3.2) d~(x) := #{1 < p < k | a,(x) G LZ< }, 

j=i-p 

where the index j of simple root aj is read modulo /c. These functions have the 
following property: 

Proposition 3.1. For x E X, 1 < i < k and < j < k, we have 

f df(x) (i^jJ + l), 

df{s j x) = <j df +1 (x) ± 9(aj(x) =0) (i = j), 

I df(x) T 0(a J (x)=0) (i=j + l), 

where 6{P) = 1 or if P is true or false, respectively. 

Now we define the operator H acting on F(X) by 

k 

H:=Y,P 4 (t^-ad-), 
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where a G C and (3 G C x are constants. Setting a = — 1 and (3 = 1, we have 

k 

H = J2 t «i~ 0(* ij (-)+mL = 0). 

i=i i<i<j<k 

It gives the discrete Hamiltonian H ( II. 2p with periodic boundary condition where 
the system size is equal to L. 

The operator H is W^-invariant in the following sense. Set 

X Teg := X — V a . 

a£R+ 

Proposition 3.2. For f G F(X) and w G W , it holds that wHw^f = Hf on 
X re g . 

Proof. Take a point x G X ieg and w G W. Define /z G @fc by (Dw)(vi) = v^i) (1 < 
i < k), then Proposition 13. II implies that d^(w _1 a;) = d^^(x). Hence we have 

k 

{wHw- l f){x) =J2P d+ ^ X) (f(™t-v i ™~ 1 x) - ad-^(x)f(x)). 

i=l 

Since wt_ v .w~ l = t-(Dw)(^) = ^-v^i the right hand side is equal to (Hf)(x). □ 

4. Integral-reflection operators 

4.1. AfRne Hecke algebra. 

Definition 4.1. The affine Hecke algebra H of type GLk is the unital associative 
algebra with generators T» (1 < % < k) and Yi (1 < % < k) satisfying 

(4.1) {T i -l){T i + 0) = O (l<z<fc), 

(4.2) TiT t+1 T t = T l+1 T{T l+l (1 < i < k - 2), T^- = TjT t (\i - j\ > 1), 
Y^ = ^ (1 <*,J < A;), 

^ = 2^ (i ^ i - r^+iT^y, (i < i < Ac). 

Set co := YfeTfc_i • • - Ti. Then wTj = T^u (1 < i < k) and w 2 Ti = Tk-iU 2 . The 
subalgebra "H generated by Ti (1 < i < k) and T := wTiw -1 is called the affine 
Hecke algebra of type A^_ v 

4.2. Integral-reflection operators. Let us construct the integral-reflection oper- 
ators acting on F(X) from divided difference operators acting on polynomial ring 
following [5]. 

We identify the group algebra C[X] with the Laurent polynomial ring C[e ±Vl , . . . , e ±Vk }. 
The extended affine Weyl group acts on C[X] by w(e x ) := e wx (w G W,x G X). 
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Consider the operator Tj (1 < % < k) acting on C[X] denned by 

q e «*+i + l-/3 

T < : = g * + i-e-^ + i 

In [12] Lascoux and Schiitzenberger characterized divided difference operators acting 
on polynomial ring which satisfy the braid relation. They are parameterized by 
four parameters. The operators T (1 < % < k) are obtained by setting one of 
the parameters to zero, and they satisfy the quadratic relation ( 14.1 j) and the braid 
relation ( 14T21) . 

The group algebra C[X] acts on -F(X) by e x f := t- x fu. Define a non-degenerate 
bilinear pairing F(X) x C[X] — > C by (f,p) := (p/)(0). We consider the operator 
< i < k) acting on F(X) determined by (Q t /,p) = (/,Tjp) (Vp G C[X]). An 
explicit formula for Qj is given as follows. 

Definition 4.2. The integral-reflection operator Qi (1 < i < k) acting on F(X) is 
defined by 

a,i(x) 

f(six) + ^ ( a f( s i x + 3^1 + v i+i) + (! - &)f{siX + ja%)) (0i(x) > 

3=1 

(Qif)(x) := { f(x) (Oi(x) = 

—a,i{x)—l 

f(six) - ^ ( a f( s i x ~ X V + v i+i) + (1 - /3)f(siX - ja%)) (di(x) < 

3=1 

The operators (1 < i < k) satisfy the same quadratic relations and braid ones 
as Tj (1 < i < k) because the relations are left-right symmetric. Denote by tt the 
action of 7r G W on C[X]. It satisfies Tift = ftT^i (1 < i < k) and Tift 2 = ft 2 Tk-i- 
From (7T -1 /, p) = (/, ifp), we find that Qj (1 < i < k) and 7r give "H-module structure 
on F(X): 

Proposition 4.3. The assignment T t- y Qi (1 < i < k) and u t— > tt^ 1 extends 
uniquely to a representation p : H — > Endci r (X) of the affine Hecke algebra of type 
GL k . 

In the rest of this paper we make use of the restriction of p to the subalgebra %. 

5. Propagation operator 

Set Q := p(T ) = ix^Qyix. Let w = s^ ■ ■ ■ s im be a reduced expression of w G W 
and set Q w := Q i± ■ ■ ■ Q im . It does not depend on the choice of reduced expression 
of w. 

Theorem 5.1. For f G F(X), define G(f) G F(X) by 

G(f)(x) := {w- l Q w J){x). 



1 This action is different from that in [B] where e x f := t x f. 
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If f is an eigenfunction of the operator Yli=i ^ with eigenvalue A G C, then G(f) 
satisfies HG(f) = XG(f). ^ 

The following lemma plays a key role in the proof of Theorem 15.11 

Lemma 5.2. Let f G F(X) and x G X . Define o G &k by (Dw x )(vi) = v a (i) (1 < 
i < k). Then we have 

((t Vi - adt)G(f))(x) = ((t v ^ + (1 - ft K (i) JQ w J)(w x x). 

for 1 < i < k. In the right hand side the index j of Vj is read modulo k. 

Proof. In the proof we fix x and i, and set y := x — Vi G X, x' := x — \v { G Q ®i X, 
I = df(x) and p = o~(i). For any a G R + , it holds that a(x') = a(x) — (Da)(vi)/2 = 
a(y) + (Da)(vi)/2. Since \(Da)(vi)\ < 1, the two sets I(x) and I(y) are included 
in I(x'). Therefore w x > = w WxX >w x = w WyX >w y and t(w x >) = £(w WxX >) + £(w x ) = 
£(w WyX >) + £(Wy) from Lemma EHJ 

Let us write down w WxX >. Since w x x G C + and a{w x x') = a(w x x) — (Da)(v p )/2 for 
any a G R, we have 

I(w x x') = {a e R + \ a(w x x) = 0, (Da)(v p ) > 0}. 

Now note that I = dp(w x x) because w x is shortest. If z G C + , it holds that dj(z) = 
max{0 < c < fc— 1 | Yy r =7~ a r( z ) = 0}. Therefore I{w x x') = {s p ■ ■ ■ s p+ j^i(a p+ j)} l j =0 
where the index j of Sj and aj is read modulo k. Thus we get 

(5.1) W WxX ' = S p -|_;_i • • -Sp+iSp. 

Note that a p+ j(w x x) = for < j < I. 
Starting from the fact 

I{w y x') = {a G R + | a(w y y) = 0, (Da)(v q ) < 0}, 

where (Dw y )(vi) = v q , we see that 

(5.2) w WyX > = s q _ v ■ --Sg-i, 

where I' := d~(y). The index j of Sj in the right hand side is read modulo k. Here 
note that a q -j(w y y) — for 1 < j < I'. 
From (15. ip and (15. 2p . we find that 

Sq—V ■ ■ ■ S q -iWy = S p +l-i • • ■ S p +iS p W X} 

Qw y = Qq—l ' ' ' Qq—l'Qp+l — 1 ' ' ' Qp+lQpQw x - 

The first relation above implies that 

w yU = { s p+i-i ■ ■ ■ s p+ is p w x )(x - Vi) = w x x - v p+ i. 
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Therefore 

G (f)(y) = (Qw y f)(w y y) = (t Vp+l Q p+ i^i ■ ■ ■Qp+iQpQ w J){w x x). 
Using the commutation relation 

(5.3) tvj+xQj = Qjtvj + a + (1 - 0)tv j+1 , t v .,Qj = Qjt Vj , (f ^ j,j + 1), 

and a p+ j(w x x) = (0 < j < I), we obtain the desired formula. □ 

Now let us prove Theorem 15.11 We fix x G X, and let a be the permutation 
given in Lemma [5.21 Identify the set {1, . . . , k} with Z/fcZ, and decompose it into 
intervals of the form \p,p + I] (1 < p < k, < I < k — 1) having the property 

a p ^i(w x x) > 0, a p+j (w x x) = (0 < j < I), a p+ i(w x x) > 0. 

Take one interval [p,p + l]. Then d+_ 1(p+j) (x) = dp +j (w x x) =l-j and d~_ 1(p+j) (x) = 
d~ + j(w x x) = j for < j < I. From Lemma [5.21 we have 



3=0 



I l-j I 

3=0 r=l j=0 

The above relation holds on each interval, and we get 

k 

(HG(f))(x) = J2(tv l Q w Jl(w x x). 
i=i 

From (I5.3p . the operator Yui=i^iH commutes with Q w (w G W). Therefore if / is 
an eigenfunction of ^2 i=1 t Vi with eigenvalue A, it holds that (HG(f))(x) = Xf(x). 
This completes the proof. 

6. Bethe wave functions 

Let us construct V^-invariant eigenf unctions by means of the Bethe ansatz method: 

Proposition 6.1. Suppose that A = (Ai, . . . , A&) G (C x ) fc is a solution of the system 
of algebraic equations 

Define the function h\ by 

k 

(6.2) h x (x)=Yl II (^«-^0-)-«)Il A r iW (^^) 

crG6fc l<i<j<k i=l 
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and h\(wx) = h\(x) for any w G W . Then h\ is W -invariant and an eigenfunction 
of H with eigenvalue J2i=i hi- 
proof. Denote by f\ G F(X) the function defined by the right hand side of (16. 2p on 
the whole X. The function g\(x) := Yii=i ^ satisfies 

a + (3\ i+1 
Qi9\ = Sig x + -r r {Si - ±)g\. 

\ — Aj + i 

Hence Qif\ = fx for all 1 < i < k. Moreover it holds that nf\ = f\ if {Aj}f =1 is a 
solution to ( 16. ip . Therefore we get G(f\)(x) = f\{w x x) = h x (w x x) = h\(x). Since 
Yli=i tvifx = (Yli=i K)f\, we find that h x is an eigenfunction of H with eigenvalue 
Si=i ^i- Since Wx fl C + = {n n w x x} n( zi, we have G(f\)(nx) = G(f\)(x). Hence h\ 
is W- invariant. □ 
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